Propagation of energy along the sound channel axis cannot be formally described in terms of geometrical acoustics due to repeated cusped caustics along the axis. In neighborhoods of these cusped caustics, a very complicated interference pattern is observed. Neighborhoods of interference grow with range and overlap at long ranges. This results in the formation of a complex interference wave-the axial wave-that propagates along the sound channel axis like a wave belonging to a crescendo of near-axial arrivals. The principal properties of this wave are calculated for the actual space-time configuration realized during a 2004 long-range propagation experiment conducted in the North Pacific. The experiment used M-sequences at 68.2 and 75 Hz, transmitter depths from 350 to 800 m, and ranges from 50 to 3200 km. Calculations show that the axial wave would be detectable for an optimal geometry-both transmitter and receiver at the sound channel axis-for a "smooth" range-dependent sound speed field. The addition of sound speed perturbations-induced here by simulated internal waves-randomizes the acoustic field to the extent that the axial wave becomes undetectable. These results should be typical for mid-latitude oceans with similar curvatures about the sound speed minimum.
I. INTRODUCTION
The world's mid-latitude oceans possess a well-known deep sound channel where decreasing sound speed-due to decreasing temperature-with increasing depth gives way to increasing sound speed-due to increasing hydrostatic pressure-with increasing depth. This sound channel has long been exploited in studies of long-range sound ocean acoustic propagation. Often, the most prominent characteristics of sound propagation in this channel are early arrivals well described by geometrical acoustic theory, followed by a crescendo of energy that propagates along the center, or axis, of the channel. It is impossible to explain this late-arriving energy using geometrical acoustics because of the presence of repeated cusped caustics along the axis. Figure 1 illustrates a typical representation of caustics for these kinds of oceans.
In the neighborhood of an isolated cusp, the acoustic field is described by the Pearcey integral. 1 The extent of the cusp neighborhood where the geometrical acoustic formulas are not applicable increases with range, 2 and at a certain propagation range, the neighborhoods of adjacent cusps overlap. This results in a more complicated diffractive pattern that cannot be described by the Pearcey integral. The interference of the wave fields that correspond to near-axial rays leads to formation of a coherent structure that propagates along the axis like a wave. This component of the acoustic field is called the "axial wave." The range at which the cusp neighborhoods begin to overlap depends on frequency and sound speed profile properties, such as the curvature of the profile at the axis depth. When the distance between the transmitter and receiver increases, the number of caustic cusps participating in the axial wave formation increases as well.
The term axial wave appeared in the early 1970s in papers by Buldyrev 3 and Buldyrev et al. 4 Those studies were done for the simplest medium model with the purpose of obtaining a global description of propagation in the presence of cusped caustics. For a range-independent ocean model where the variables are separable, the formula for the axial wave is derived by transforming the contour integral that gives the exact solution of the point transmitter problem. 5 Analysis of the resulting integral representation of the axial wave shows that it includes the solutions of the Helmholtz equation localized near the sound channel axis and a weight function that does not depend on medium properties. The main advantage of the derived formula for the axial wave is the possibility to generalize it to a range-dependent ocean, as was done by Grigorieva and Fridman. 6 In the time-of-arrival pattern ͑the acoustic field as a function of depth and time, at a given range͒, the axial wave formed by rays with small launch angles is a component of the late-arriving energy. In long-range ocean acoustic propagation, the axial crescendo accounts for a significant portion of the radiated energy but is not currently utilized in acoustical oceanography problems. It is therefore important and useful to have a mathematical model for this component of the near-axial finale.
In this paper, the principal features of the axial wave are calculated for several increasingly realistic ocean medium models. These ocean models are derived from actual conditions encountered during the Long-Range Ocean Acoustic Propagation Experiment ͑LOAPEX͒, conducted in the North Pacific from 10 September to 10 October 2004. The goal of this paper is to demonstrate these calculations and to determine whether or not the axial wave could have been detected given optimal transmitter/receiver geometries and actual LOAPEX transmitter/receiver geometries. The general outline of this paper is as follows. In Sec. II we describe the LOAPEX sound speed data as well as the calculation of a smooth two-dimensional sound speed field approximation. In Sec. III we discuss the dependence of the main properties of the axial wave on propagation range, depth of the transmitter relative to the depth of the sound channel axis, and frequency for two ocean models: first, a smooth sound speed approximation and, second, the smooth approximation with additive perturbations representative of internal-wave induced variability. In Sec. IV we summarize the principal results. Appendix A includes the integral representations of the axial wave for range-independent and range-dependent ocean models. In Appendix B we give a short description of the acoustic fluctuations due to internal waves that are used for simulations in this paper.
II. SMOOTH TWO-DIMENSIONAL MODEL OF LOAPEX SOUND SPEED FIELD
A detailed summary of LOAPEX is given by Mercer et al. 7 The experiment geometry is shown in Fig. 2 . Seven transmit stations, T50, T250, T500, T1000, T1600, T2300, and T3200, were located at ranges of 50, 250, 490, 990, 1600, 2300, and 3200 km, respectively, from a vertical line array ͑VLA͒. At each of these seven stations, the LOAPEX acoustic transmitter was suspended from the ship to conduct periodic transmissions for several hours. Multiple transmitter depths were used at each of these seven stations, involving 350, 500, and/or 800 m. At the transmitter depth of 800 m, the transmitted signal had a carrier frequency of 75 Hz, and at transmitter depths of 350 and 500 m, it had a carrier frequency of 68.2 Hz. The interelement spacing on the 20-element VLA was 35 m throughout the central region of the sound channel axis. Figure 3 shows the upper ocean sound speed profiles obtained from the conductivity-temperature-depth ͑CTD͒ measurements at six stations ͑T250, T500, T1000, T1600, T2300, and T3200͒. The formula for the axial wave ͑see Appendix A͒ requires derivatives to fourth order of the sound speed c͑x , z͒ with respect to both range and depth. These were obtained by modeling the actual measurement profiles with a smooth representation, constructed as follows.
A 14th-order polynomial was fit in the least squares sense to each sound speed profile over the depth interval ͓350, 1500͔ m. This order was chosen because it gave reasonable fidelity to the actual measurements without excessive complexity. Figure 4 shows both the sound speed profile at station T50 and the corresponding polynomial approximation. The sound speed profile at the VLA was represented by that at station T50.
Using the polynomial sound speed profiles from these seven stations, the "smooth" two-dimensional sound speed field was calculated by generating additional sound speed profiles every 50 km in range using linear interpolation and then by interpolating the total sound speed profile data set ͑polynomials plus interpolated͒ using two-dimensional fifthorder splines. The calculated sound channel axis depth is shown in Fig. 5 , where dots correspond to the depth of the transmitter at its closest to the channel axis. At stations T3200 and T2300, this depth was 500 m, at station T1600 this depth was 350 m, and at stations T1000, T500, T250, and T50 this depth was 800 m.
FIG. 1. Caustic features at relatively short ranges 0 ഛ x ഛ 150 km, as illustrated by ray tracing. The sound speed profile ͑assumed in this example to be independent of range͒ is typical for the deep ocean at mid-latitudes; the transmitter ͑at zero range͒ is located at the sound channel axis ͑1 km͒, where the sound speed reaches its minimum. FIG. 2 . LOAPEX geometry. The solid line ͑a geodesic arc on an oblate spheroidal model earth͒ shows the main LOAPEX path where stars indicate the seven stations: T50, T250, T500, T1000, T1600, T2300, and T3200. The VLA is marked by a circle.
The VLA hydrophone nearest the sound speed minimum ͑635.678 m͒ had a median depth over the entire deployment of 621.72 m, a location roughly 14 m from the channel axis.
III. MAIN PROPERTIES OF THE AXIAL WAVE
The integral representations of the axial wave for rangeindependent and range-dependent ocean models are written out in Appendix A.
A. Dependence on propagation range
Range dependence for a range-independent ocean has previously been examined 8 for the Munk canonical sound speed profile 9 and the average sound speed profile from the Acoustic Engineering Test ͑AET͒. The effect of the rangedependent LOAPEX sound speed profile is characterized by the transmission loss ͑TL͒ in Fig. 6 . For this calculation, the transmitter is placed at the station T3200 sound channel axis depth, and the frequency is 68.2 Hz. The receiver is assumed to be located at the sound channel axis in the 50 km range interval adjoining the VLA. The TL varies from 117 to 120 dB. The dashed line in Fig. 6 indicates a range dependence of x −3/4 for the wave amplitude. Thus, the axial wave decreases with range faster than the low-order modes. Discontinuities in the TL take place at distances x = 3154.58, 3163.74, 3172.92, 3182.26, and 3191.31 km, where the number of waves corresponding to rays with small launch angles participating in the axial wave formation changes by 1. The transmitter level in LOAPEX ͑Ref. 7͒ was about 194 dB, and the ambient noise level throughout the sound channel at the VLA was roughly 70-80 dB re 1 Pa 2 / Hz at 75 Hz. Based on this calculation ͑which neglects internal waves, see below͒ the axial wave would have been detectable if the transmitter and receiver had been located at the sound channel axis, even at a range of 3200 km. ͑This assumes some form of pulse compression post-processing gain, as is commonly used in long-range propagation experiments.
9 ͒
B. Dependence on transmitter depth
Depth dependence at different propagation ranges for a range-independent ocean has previously been examined 8 for the Munk canonical sound speed profile 9 and the average sound speed profile from AET. The effect of depth dependence for the range-dependent LOAPEX sound speed profile is characterized by the TL in Fig. 7 . For this calculation, the transmitter is at station T3200 and the depth is varied from the sound channel axis ͑862.535 m͒ up to 500 m, the depth of the actual transmitter deployment. The frequency is 68.2 Hz. The receiver is located on the sound channel axis. The TL increases rapidly when the distance between the transmitter and the channel axis increases. At the actual deployment depth of the transmitter, the TL is 192.683 dB. As was noted above, the transmitter level in LOAPEX ͑Ref. 7͒ was about 194 dB. Thus, the axial wave could not have been detected for this configuration ͑range of 3 200 km and transmitter depth of 500 m͒.
The distances between the sound channel axis depth and the actual transmitter deployment depths were similar at stations T2300 and T1600 ͑328.1 and 421.4 m for transmitter depths of 500 and 350 m, respectively͒; hence, calculations similar to that shown in Fig. 7 indicate that the axial waves radiated by the transmitter deployed at stations T2300 and T1600 could also not have been detected.
C. Dependence on frequency
One transmitted M-sequence is well approximated by a signal with center frequency of 75 Hz and bandwidth of 37.5 Hz. ͑This is the full width between half-amplitude points in the transform envelope.͒ Figure 8 shows the dependence of axial wave TL ͑at a single frequency͒ when the transmitter is at the sound channel axis at station T1000 ͑i.e., at range 990 km.͒ The receiver depth is the channel axis depth at the VLA. The frequencies are taken to be 56.25, 75, and 93.75 Hz. Axial wave TL is seen to increase with decreasing frequency ͑i.e., the amplitude decreases with decreasing frequency.͒ This result depends on the number of overlapping cusped caustic neighborhoods. At lower frequency, these neighborhoods are spatially larger, and more such neighborhoods overlap, and hence more waves interfere with the wave propagating along the axis. For this example ͑at 990 km͒, 16 waves interfere at 56.25 Hz, 14 at 75 Hz, and 12 at 93.75 Hz.
To investigate variation in the time domain, it is natural to define the axial wave propagation time, T, as
where is a cyclic frequency and is a phase function of the axial wave H given by Eqs. ͑A14͒ and ͑A15͒, H = exp͑i ͉͒H ͉. ͑2͒ Table I shows the arrival time of the axial wave and the arrival time of the lowest mode in the adiabatic approximation. The difference in arrival times decreases as the frequency increases. At 75 Hz, the difference is 36.8 ms. By comparison, the arrival time of a fictitious wave traveling along the axis-the reference arrival time-is 669.483 s and does not depend on frequency.
When at fixed frequency the propagation range decreases, the difference in arrival time between the axial wave and the lowest mode in the adiabatic approximation de- 
As noted above, an M-sequence is well approximated ͑after pulse compression͒ by a pulsed sinusoid with a center frequency of 75 Hz modulated by a Gaussian envelope with bandwidth of 37.5 Hz. In this case The choice of integration interval
This integration interval is twice the bandwidth. Thus, the use of this interval 2͓37.5, 112.5͔ rad/ s ͓͑37.5, 112.5͔ Hz͒ provides adequate accuracy for pulse propagation modeling. Figure 9 shows the time domain intensity envelopes of the axial wave for a receiver on the sound channel axis. The propagation range is 990 km. The maximal values of these envelopes are −120.273 and −112.941 dB for transmitter depths of 800 m and the channel axis, respectively. The maximal value of the intensity envelope of the lowest mode in the adiabatic approximation, ͉H lm ͑t͉͒ 2 , for a transmitter depth of 800 m is −107.200 dB. For comparison, the arrival time, or reference time, of the intensity peak of a wave traveling along the axis is shown: if this wave could be described by geometrical acoustics formulas ͑valid except at some ranges where its maximum value tends to infinity͒, the intensity envelope would have a shape similar to that of the axial wave. The reference time is 669.483 s. At the ranges under consideration, however, the wave traveling along the axis would interfere with other waves corresponding to rays with small launch angles and therefore cannot be described by simple geometrical acoustics formulas. Figure 9 shows a 27 ms delay between the axial wave arrival and the lowest mode arrival. In this case ͑the delay is of the same order as the pulse width͒, the delay would be marginally adequate to resolve the axial wave were the two pulses of equal size, but the much larger modal signal will dominate and mask the axial wave signal for even the most favorable transmitter location ͑i.e., at the channel axis͒.
D. Effect of ocean internal waves on the axial wave
To study the effect of the environmental variability on the axial wave, a simple ͑but realistic͒ model for sound speed perturbations due to internal waves ͑see Appendix B͒ is used. Simulations were based on the buoyancy frequency profile based on LOAPEX CTD measurements made at station T50. To simplify the description of the sound speed perturbations, a single frequency corresponding to the semi-diurnal tide was chosen, and only the first ten modes were utilized. These modes introduce ocean structure with horizontal wavelengths ranging from 150 km down to 15 km. The complete environment is then formed by adding the smooth approximationwhich now assumes the role of the "background"-and the ͑zero-mean͒ perturbations.
Simulations of the axial wave with this ocean model indicate that the maximal value of the intensity envelope is essentially zero for "full strength" perturbations. To understand the nature of this result, calculations were made for a set of ocean models in which the sound speed perturbations due to internal waves are scaled by an arbitrary small coefficient . This coefficient is taken to be 0.075, 0.09, and 0.15. ͑Results in the previous sections correspond to = 0.0.͒ Figure 10 shows the time domain intensity envelope of the axial wave, ͉H͑t͉͒ 2 , at the range of 990 km, when the transmitter and receiver are placed at the channel axis of the unperturbed ocean for different values of . For = 0.075, the maximal intensity is −124.200 dB; for = 0.09, it is −126.559 dB; and for = 0.15, it is −136.001 dB. For comparison, the maximal intensity in an ocean without internal waves is −112.941 dB ͑see Fig. 9͒ . For a more realistic full strength value of of 1, the internal waves essentially randomize the depth of the sound channel axis to such an extent that they completely destroy the coherent structure of the axial wave, rendering it undetectable.
IV. SUMMARY
A ray diagram for a transmitter located at the sound channel axis in an ocean with a typical mid-latitude sound speed profile is characterized by the formation of numerous repeated cusped caustics along the axis. In neighborhoods of these cusped caustics, geometrical acoustics approximations are not valid because their application presupposes that the waves associated with individual ray paths do not interfere with one another. Neighborhoods of interference grow with range, and at a certain propagation range they overlap. This results in the formation of a diffractive ͑as opposed to ray, i.e., geometrical acoustics͒ component of the field-the axial wave-that propagates along the axis. Axial wave propagation modeling has been carried out here for the environment realized during the 2004 LOAPEX experiment, which involved late-summer conditions in the North Pacific.
The two-dimensional range-dependent sound speed field was modeled to a first approximation by smooth polynomial and spline interpolation of the actual sound speed profiles derived from CTD measurements obtained along the 3200 km propagation path. A second, more complex, approximation was constructed by adding to the first approximation a zero-mean sound speed fluctuation field representing sound speed perturbations due to a ͑simplified͒ GarrettMunk internal-wave field.
With respect to range, the TL of the axial wave was seen to be worse than cylindrical spreading. As an example, for 68.2 Hz ͑one of the LOAPEX frequencies͒, the smooth sound speed field and an optimal geometry ͑transmitter and receiver on the channel axis͒, the axial wave loses 117-120 dB over 3200 km. Given that the LOAPEX transmitter level was about 194 dB, the axial wave might have been detectable over ambient noise assuming some form of period averaging or other post-processing gain.
Actual LOAPEX transmitter deployment depths were not on the channel axis. With respect to transmitter depth, the axial wave strength was shown to decrease with increasing distance from the channel axis. At stations T3200, T2300, and T1600, these distances were at least 362.5, 328.1, and 421.4 m, respectively. In all these cases, the transmitter was too far off-axis to launch a detectable axial wave. Configurations were more favorable at stations T1000, T500, and T250, where separations were 125.9, 119.5, and 117.9 m, respectively.
With respect to frequency, the axial wave strength was seen to increase with frequency. This is related to the number of interfering cusped caustic regions, which decrease as frequency increases, i.e., as wavelengths get shorter. The corresponding propagation time was examined for station T1000, where the range was 990 km. At this station, the transmitter carrier frequency was 75 Hz. The axial wave was shown to arrive later than the lowest mode in the adiabatic approximation by more than a carrier period and hence might be separately resolvable.
To formally determine resolvability, it is necessary to incorporate bandwidth information. The axial wave time domain signature was synthesized by inverse Fourier transforming the axial wave function weighted by a Gaussian with bandwidth of 37.5 Hz centered at 75 Hz. ͑These values approximate the spectral shape of a LOAPEX 75 Hz M-sequence.͒ At 990 km, the axial wave pulse was shown ͑for a transmitter depth of 800 m or at the axis, and the smooth sound speed field͒ to be dominated by the nearby ͑earlier͒ pulse from the lowest mode in the adiabatic approximation to the extent that even with a delay of 27 ms, the axial wave pulse would not be separately resolvable. Resolution capacity degrades further for shorter ranges because the difference in arrival times between the two pulses decreases.
Predictions for the more complex-and hence more realistic-ocean model indicated that randomization of the sound speed seriously degrades the coherent structure of the axial wave. These predictions imply that it would not be possible to detect the axial wave for any transmitter/receiver configuration for the environmental settings corresponding to those encountered during LOAPEX.
As is well known, the effect of internal waves is negligible in the Arctic Ocean. This region is characterized by the formation of a near-surface waveguide where the axial wave exists. This situation coupled with the weakness of the internal-wave field might possibly create favorable conditions for axial wave detection. 
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APPENDIX A: INTEGRAL REPRESENTATION OF THE AXIAL WAVE
In the frequency domain in a range-independent ocean where the variables are separable, the formula for the axial wave is obtained by transforming the contour integral that gives the exact solution of the point transmitter problem. The integral representation of the axial wave is of a different form for a normal waveguide 9 where the wave traveling along the sound channel axis is the last to arrive and for the abnormal waveguide where the situation is opposite. In most long-range propagation experiments ͑in particular, in LOAPEX͒, deep-water waveguides are normal. Therefore, only normal waveguides will be considered below. The formula for the axial wave may be written in terms that can be obtained for a range-dependent ocean as well. 5 This formula includes the solutions to the Helmholtz equation
where is a cyclic frequency and c͑z͒ is the sound speed that can be expanded in the case of small ͉z − z 0 ͉ in the form
͑A2͒
These solutions are concentrated near the sound channel axis z = z 0 and decay exponentially outside a narrow strip containing the axis as tends to infinity. They are derived in the form of a product of the exponential function and the parabolic cylinder function 10,11 D q ͑⌿͒, q =0,1,...,
͑A3͒
The coefficients ␣ m 0 ͑x , ͒ and ␤ m 0 ͑x , ͒, which are polynomials in = ͱ ͑z − z 0 ͒, are found from a recursive system of partial differential equations resulting from the substitution of Eq. ͑A3͒ into Eq. ͑A1͒. M is taken equal to 3, which gives a residual ͓the difference between the left-hand side of Eq. ͑A1͒ and zero͔ of order O͑ 1/2 ͒. As a result, one gets Saying that tends to infinity means that the dimensionless frequency = ͑ / c 0 ͒ a is large. In LOAPEX, for the sound speed profile shown in Fig. 4 at the frequency of 75 Hz one obtains = 845.87.
In a normal range-independent waveguide, the integral representation of the axial wave, H 0 ͑͒ = H 0 ͑x r , z r , z s ; ͒ has the following form:
Here ͑0,0,z s ͒ and ͑x r ,0,z r ͒ are the coordinates of the transmitter and receiver, respectively, z s ഛ z r ; u គ −1/2 0 ͑x , z͒ is obtained from u −1/2 0 ͑x , z͒ by replacing D −1/2 ͑⌿͒ with D −1/2 ͑−⌿͒. The weight function
͑A8͒
includes the integer K 0 that satisfies the inequalities
where 0 Ͻ ␦ Ͻ 1 / 2. With such a choice of the number K 0 , the wave corresponding to a ray that crosses the waveguide axis K 0 − 1 times will be the last wave that does not interfere with the wave propagating directly along the waveguide axis and can be observed independently of the latter. 5 The selection of a constant ␦ is discussed in Ref. 5 . For most medium models, ␦ can be taken to be 0.1. In all our simulations of the axial wave, we put ␦ equal to 0.1 as well.
If z r Ͻ z s , the integral representation of the axial wave takes on the form
The integration contour in Eqs. ͑A7͒ and ͑A10͒ begins at infinity in the complex -plane and goes to = 0 along the straight line arg =−3 / 4. From = 0 it goes out to infinity along the straight line arg = / 4. In a range-dependent ocean it is assumed that the ocean sound speed, c, depends on depth coordinate z and coordinate x measured along the transmitter-receiver direction. In this case the sound channel axis is some curve L. Assume that the curve L can be represented parametrically as x = x͑s͒, z = z͑s͒, where the parameter s is taken to be the arc length along L measured in a given direction from some initial point. Introduce a new system of coordinates ͑s , n͒ in the vicinity of L. The coordinates ͑s , n͒ of an arbitrary point M 0 will be defined as follows: ͉n͉ is the length of the normal dropped from M 0 to L, and s is the arc length along L from the initial point to the base of the normal ͑Fig. 11͒. In addition, assume that n is positive if M 0 is to the left of L as one moves along L in the direction of increasing values of s. The Lamé coefficients h 1 and h 2 of the coordinate system ͑s , n͒ are
Here ͑s͒ is the radius of curvature of L. It is assumed to be positive if the center of curvature lies to the right of L, i.e., among negative values of n, and the radius of curvature is negative otherwise ͑see Fig. 11͒ . The sound speed c͑x , z͒ in ͑s , n͒-coordinates is denoted by c͑s , n͒ as before. It is assumed that the sound speed c͑s , n͒ is differentiable a sufficient number of times with respect to both variables s and n and therefore can be expanded in the case of small ͉n͉ in the form
In a range-dependent ocean, the integral representation of the axial wave is constructed from the solutions to the Helmholtz equation written in ͑s , n͒-coordinates. These solutions u q ͑s , n͒, q =0,1,..., have the nature of waves propagating along the range-variable sound channel axis L and tending rapidly to zero outside a boundary layer surrounding the axis. They appear in a form similar to Eq. ͑A3͒,
The coefficients ␣ m ͑s , ͒ and ␤ m ͑s , ͒, which are polynomials in = ͱ n, are obtained from a recursive system of partial differential equations resulting from the substitution of Eq. ͑A13͒ into the Helmholtz equation. 6 Introduction of the variable = ͱ n and representation of the desired solution in the form of a product of the rapidly varying ͑for large ͒ exponential function and the parabolic cylinder function, which varies more slowly, means that in finding of the solution ͑A13͒, one uses the parabolic equation method ͑or the boundary layer method͒ pioneered by Tappert.
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As opposed to the adiabatic approximation of low-order modes that depend only on medium properties along the vertical line parallel to the z-axis, the newly obtained solutions to the Helmholtz equation accumulate the information about medium properties near the range-variable sound channel axis along the whole propagation range. The coefficients ␣ m ͑s , ͒ and ␤ m ͑s , ͒ are found 6 up to M equal to 3. In this case, substituting the newly obtained solutions into the Helmholtz equation yields residuals of order O͑ −1/2 ͒. Let us assume that in the coordinate system ͑s , n͒ introduced in the vicinity of the sound channel axis L on the ͑x , z͒-plane, the transmitter is at s =0, n = n s , and the receiver is at s = s r , n = n r . By analogy with Eq. ͑A7͒ for the axial wave in a range-independent medium, if n s ഛ n r the integral representation of the axial wave, H ͑͒ = H ͑s r , n r , n s ; ͒, in a range-dependent ocean will have the form
p͑͒u គ −1/2 ͑0,n s ͒u −1/2 ͑s r ,n r ͒d. 
͑A15͒
In the case of a range-independent medium, the integrals ͑A14͒ and ͑A15͒ must reduce to the integrals ͑A7͒ and ͑A10͒, respectively. On the other hand, the weight function
The ͑s , n͒-coordinates near the waveguide axis L in the ͑x , z͒-plane.
p͑͒ must be independent of medium properties. It can be shown that this requirement is equivalent to the localization principle, 13 which asserts that the high-frequency asymptotic behavior of a wave field depends only on properties of the medium in the vicinity of the ray. Thus, the weight function p͑͒ in Eqs. ͑A14͒ and ͑A15͒ is given by the same expression ͑A8͒ as in the case of a range-independent ocean. The integer K contained in p͑͒ satisfies the inequalities that are the generalization of Eq. ͑A9͒ to the case of a rangedependent medium. 6 
APPENDIX B: SOUND-SPEED PERTURBATIONS DUE TO INTERNAL WAVES
We shall assume that the ocean sound speed along the transmitter-receiver direction ĉ͑x , z , t͒, consists of the unperturbed sound speed profile c͑x , z͒ and a small perturbation, ␦c͑x , z , t͒, dependent on range x, depth coordinate z, and time l, ĉ͑x,z,t͒ = c͑x,z͒ + ␦c͑x,z,t͒.
͑B1͒
The vertical position z varies from z = 0 at the ocean surface to z =−D ͑D Ͼ 0͒ at the ocean bottom. The second horizontal spatial coordinate has been omitted since for the choice of ␦c below, the cross-range gradients of the sound speed are typically two orders of magnitude smaller than the vertical gradients, and therefore the sound propagation is believed to be sufficiently well described as two dimensional ͑i.e., having no out-of-plane scattering͒.
The quantity ␦c will represent the sound speed perturbations due to a field of internal waves. For these numerical experiments, ␦c is constructed from a superposition of linear internal waves, constrained by the following assumptions: the ocean depth D = 6 km is range independent and the buoyancy profile N͑z͒ is obtained as a smooth approximation of measured data. Figure 12 shows the buoyancy frequency profile from the LOAPEX CTD cast at station T50 and a smooth approximation used for simulations.
Neglecting the small effects due to internal-wave currents, the sound speed perturbations due to internal waves are given by 14, 15 ␦c/c Ϸ GN
where is the vertical water displacement due to the internal waves, and G, assumed constant here, 15 has the value of 3.0 s 2 / m. The displacement is constructed from the superposition of a subset field of linear internal waves traveling along the transmitter-receiver direction. For linear waves in a flat bottom ocean, the displacement is given by ͑x,z,t͒ = Re͑W͑z͒e i͑kx−⍀t͒ ͒, ͑B3͒
where W͑z͒ satisfies
subject to the boundary conditions W͑0͒ = W͑−D͒ = 0. Here the inertial frequency f i is taken to be 1 cycle/ day = ͑ / 4.32͒ ϫ 10 −4 s −1 , corresponding to a latitude of 30°. Given the wave frequency ⍀ there can be found a sequence of modes W j ͑z͒ and corresponding wave numbers k j , j =1,2,..., that solve Eq. ͑B4͒. These modes form an orthogonal set so that
where ␥ is any arbitrary normalization constant independent of m and n; for later convenience 15 ␥ is taken to be 2 / ͑BN 0 2 ͒. Here B = 1 km and N 0 is found from the condition 
N͑z͒dz. ͑B6͒
To simplify the description of the sound speed perturbations, a single frequency ⍀ is chosen, ⍀ =2 / 12.5 rad h −1 = ͑ / 2.25͒ ϫ 10 −4 s −1 , corresponding to the semi-diurnal tide. Summing over the first ten modes associated with that tidal frequency produces the model internal-wave field or, more specifically, an internal-tide field.
After summing, the internal-wave displacement is given by ͑x,z,t͒ = Re ͚ͩ where E 0 = 0.4 J / cm 2 =4ϫ 10 3 kg/ s 2 is the mean energy and =1 g/ cm 3 =10 3 kg/ m 3 is the density of water. Construction of the internal-wave modes W j ͑z͒ follows the method proposed by Colosi and Brown, 16 where Wentzel-Kramers-Brillouin scaling of both the modal amplitude and the depth coordinate is used, 
N͑zЈ͒dzЈ. ͑B11͒
As a result, 16 the approximate solution of Eq. ͑B4͒ satisfying the boundary conditions W͑0͒ = W͑−D͒ = 0 and the normalizing condition ͑B5͒ will be of the form For the buoyancy frequency profile shown in Fig. 12 , B 0 = 0.008 97 s −1 Ϸ 5.16 cycles/ h. Figure 13 shows the sound speed fluctuations induced by the first ten modes of the internal-wave field. Figure 14 demonstrates the perturbed and unperturbed sound speed profiles at two propagation ranges: at the VLA and at station T1000. Modes 1-10 introduce the ocean structure with horizontal wavelengths ranging from 150 down to 15 km. 1 T. Pearcey, "The structure of an electromagnetic field in the neighborhood of a cusp of a caustic," J. Acoust. Soc. Am. 37, 311-317 ͑1946͒. FIG. 14. Sound-speed profiles without internal waves ͑solid͒ and for one realization of a ten-mode internal-wave field ͑dashed͒. Panel ͑a͒ shows these profiles at the VLA and panel ͑b͒ shows these at 990 km from the VLA.
